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Equivalent Skin Analysis of Wing Structures
Using Neural Networks

Youhua Liu¤ and Rakesh K. Kapania†

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

An ef� cient method of modeling trapezoidal built-up wing structures is developed by coupling, in an indirect
way, an equivalent plate analysis (EPA) with neural networks (NN). In the EPA the wing is assumed to behave like
a Mindlin plate and is solved using the Ritz method with the Legendre polynomialsas the trial functions. The EPA
can be made more ef� cient by avoiding most of the computational effort spent on calculating contributions to the
stiffness and mass matrices from every spar and rib. This is accomplished by replacing the wing inner-structure
with an “equivalent” material that is combined to the skin and whose properties are simulated by neural networks.
The constitutive matrix, which relates the stress vector to the strain vector, and the density distribution of the
equivalent material are obtained by enforcing mass and stiffness matrix equivalence with regard to the EPA in a
least-squares sense. Neural networks for the material properties are trained in terms of the design variables of the
wing structure. Examples show that the present method, which can be called an equivalent skin analysis (ESA) of
the wing structure, is more ef� cient than the EPA, and still fairly good results can be obtained. The present ESA
is very promising to be used at the early stages of wing structure design.

Introduction

T RADITIONALLY, the conceptual design is often carried out
using simpli� ed relations that have been learned from previ-

ous similar designs. This approach can only result in incremen-
tal advancements in technology because experience-based design
makes large step design extrapolations too risky. This risk can be
reduced signi� cantly if the design is based on physics-based high-
� delity models becauseusing these models one can predict the con-
sequences of large design extrapolationswith a greater con� dence.

Physics-based, high-� delity models, such as those in the � nite
elementanalysis(FEA) for structures,computational� uiddynamics
for aerodynamic loads, etc., are increasingly being used as early
as possible in airplane design. This is not surprising because it is
estimated that about 90% of the cost of a product is committed
during the � rst 10% of the design cycle, and an accurate analysis is
often crucial to obtaining a good estimate of the manufacturingand
life-cycle costs of a product.

For structuralanalysis the � nite element method (FEM) is widely
used because of its generality, versatility, and reliability, but its use
in the early design stages faces some major obstacles: a prohibitive
preparation time for the FE model data and a large amount of CPU
time for problems with a high number of degrees of freedom. This
is especially true for complex built-up structuressuch as an airplane
wing.

In the aerospace engineering community several ef� cient meth-
ods have been developed for dealing with this situation, one of
which is the equivalent plate modeling.1 A detailed description of
the equivalent plate methodology development and literature can
also be found in Ref. 2. In a previous effort of the present study,
Kapaniaand Liu1 havedevelopedan equivalentplate analysis(EPA)
method for ef� ciently calculating the static and vibration problems
of general trapezoidal built-up wing structures composed of skins,
spars, and ribs. Details of the method can be found in Ref. 1 and
will be briefed in the following section.

But there is a problem in the method in Kapania and Liu,1 that
is, because complex trial functions are used, the stiffness and mass
matrices are hard to be integrated analytically, as in the case of
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Livne,3 and numerical integration over every item of the structural
components takes a large part of the computing effort. For instance,
in solving a free vibration problem, evaluating various matrices
requires about 2

3 of the total CPU time.
This problem can be addressed by representing the wing inner

structure by equivalent skins or a shear-carrying core, that is, by
“smearing”those componentsinto the skinsor a more uniformcore.
In Lynch et al.,4 the caps of spars of a YF16 wing are represented
by an equivalent skin. The idea of replacing the shear webs in a
wing plate model by an equivalent sandwich core was discussed in
Livne.3 In the present paper it is attempted to develop a method in
whichevaluationofmatricesis performedonlyoverthe skins,whose
equivalentmaterialconstitutivematrixandmassdensitydistribution
are changed accordingly to incorporate the spar and rib effects. For
the purposeof designoptimization, the new skin material properties
are simulated using neural networks in terms of the wing design
variables. As shall be shown, whereas the new method, which will
be called equivalent skin analysis (ESA) hereafter, gives almost
equally good results, it uses only a fraction of the CPU time spent
in the ordinary EPA in evaluating the matrices.

EPA Method
We want to analyze a trapezoidal wing by assuming that it be-

haves as a plate whose deformation satis� es the Reissner–Mindlin
displacement� eld, which is a � rst-order shear deformation theory.1

For theconvenienceof calculation,a coordinatetransformationfrom
(x; y) to (»; ´) is performed,which transformsthe wing plan surface
from the original trapezoidal to a square. Details of the coordinate
transformation are available in Ref. 1.

By representing the displacement components as the sum of
terms Pi ¡ 1.» /Pj ¡ 1.´/, where P are the Legendre polynomials,i D
1; : : : ; I ; j D 1; : : : ; J .I; J are integers), we can call the vector
composed of all of the coef� cients of the terms as the generalized
displacementvector. Based on this displacementvector and consid-
ering the total strain and kinetic energy of the wing structure, we
can derive the stiffnessand mass matricesas in the following forms:

[K ] D
V

[C]T [T ]T [D][T ][C] dV (1)

[M] D
V

½[H ]T [Z Z ][H ] dV (2)

where the integrationdomain V includesall and only the spaces that
the components of the wing occupy and [D] and ½ are the material
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constitutivematrix and density, respectively.Details of matrix [C],
[T ], [H ], and [Z Z] can be found in Ref. 1. The integration in the
.»; ´/ plane is performed using the Gaussian quadrature.1

The boundary conditions are approximated by applying springs
with very large magnitudes of stiffness on the boundaries. An in-
tegration on the boundaries gives[Kspring]1 . The total stiffness and
mass matrices of the wing structure are given as

[K total] D [Kstrain] C [Kspring]

[Kstrain] D [Kskin] C [Kspar] C [K rib] (3)

[Mtotal] D [Mskin] C [Mspar] C [Mrib] (4)

The natural frequencies and mode shapes for the free vibrat-
ing wing can be determined by applying the Lagrange’s equations,
which result in the following eigenvalue problem:

[K total ¡ ¸Mtotal]fxg D 0 (5)

where ¸ D !2 is an eigenvalue of the system of equations, ! is the
corresponding frequency in radians/second, and fxg is the corre-
sponding eigenvector.

Static problems (including stress distributions) can be readily
solvedby making use of the total stiffnessmatrix [K total]. For details
one can refer to Ref. 1.

Compared with the approaches in Kapania and Lovejoy5 and
Cortial,6 the formulation in Ref. 1 is such that there is no limitation
on the wing thickness distribution.As shown in Ref. 1, the method
shows a good performancefor both static and vibration problems in
comparison with the FEA using MSC/NASTRAN.

Application of Neural Networks in Structural Problems
Neural network (NN)7 has found numerous applications in sci-

ence and engineering. In the � eld of structural engineering, there
have been a lot of attempts and researches making use of NN to
improve ef� ciency or to capture relations in complex analysis and
design problems. The following are a few examples. Hajela and
Berke8 gave an overview of the neural computing approach and
examined the role of neural computing strategies in structural anal-
ysis and design. Abdalla and Stavroulakis9 applied NN to represent
experimental data to model the behavior of semirigid steel struc-
ture connections,which are related to some highly nonlineareffects
such as local plasti� cation, etc. Several cases of NN application in
structural engineeringcan be found in Vanlucheneand Sun,10 all of
which were later restudiedin Gunaratnamand Gero11 with a conclu-
sion that representationalchangeof a problembasedon dimensional
analysisand domain knowledgecan improve the performanceof the
networks. In Liu et al.12 methodologiesof applying NN and genetic
algorithms to simulate and synthesize substructures were explored
in the solution of one- and two-dimensional beam problems.

Fig. 1 Flowcharts for EPA and ESA.

For theef� cientsimulationof the structuralperformancesof com-
plex wings, generally there can be two directions to apply NN. One
way is to use NN to simulate directly the structural responsescalcu-
lated using variousmethods, but accordingto Ref. 11, this is not the
best use of the NN in structural engineering: “The real usefulness
of neural networks in structural engineering is not in reproducing
existing algorithmicapproachesfor predicting structural responses,
as a computationally ef� cient alternative, but in providing concise
relationships that capture previous design and analysis experiences
that are useful for making design decisions.”

In the presentstudyan indirectway of applyingthe NN is pursued.
In the EPA of a complexwing, the computationeffort is mainly spent
on integralsfor generatingthe contributionfrom the inner-structural
components of the wing, the spars and the ribs, to the stiffness and
mass matrices. If an equivalent anisotropicmaterial can be found to
replace the inner componentsin termsof an equivalentskin such that
the new compositewing has similar global propertiesas the original
one, then the EPA can be performed more ef� ciently. Solution of
the adequate material properties of the anisotropic material is the
major obstaclehere. The role of the NN will be to relate the material
properties to all kinds of wing design parameters, when there exists
enough database for training.

ESA of Wing Structures
It is desired to replace the actual wing structure by an equivalent

continuummodel, that is, one that is composedof a skinlikematerial,
whose constitutive matrix [D] and distribution of mass in Eqs. (1)
and (2) are to be decided. Flowcharts of ESA in comparison with
EPA1 are shown in Fig. 1. Because “NN retrieval of [D] and ½”
needs almost no computationalcost, once the networks for [D] and
½ are trained,ESA onlyrequires thecalculationof the skins to obtain
the total [K ] and [M].

It is assumed that the mass density ½ is a function of position in
the planform,whereas each term of [D] is a constant throughoutthe
wing area. There can be other choices, as will be discussed later.

We are going to solve the preceding problem by requiring that
the stiffness and mass matrices of the equivalent model are most
approximate to those of the actual wing in a least-squares sense.
This gives the following procedures.

Constitutive Matrix
Let us write [K ] D [Kstrain] D [K i j ] as the target matrix, and the

stiffness matrix of the equivalent continuum model is

[ QK ] D
m n

gm gn[C]T
mn[T ]T

mn[D][T ]mn[C]mn D [ QKi j ]

D
p q

Dpq

m n

NG i j
pq ;mn D

p;q

Dpq G i j
pq (6)

where gm and gn are the Gauss quadrature weights; the constitutive
matrix [D] relates the stress and strain vectors by f¾ g D [D]f"g;
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and Dpq is the pth row, qth column term of the constitutive ma-
trix; m .m D 1; : : : ; K / corresponds to the mth Gauss integration
position in the x direction, K is an integer with a usual value of
6 or 8; n .n D 1; : : : ; K / corresponds to the nth Gauss integration
position in the y direction; p D 1; : : : ; 5 is the row number of [D];
q D 1; : : : ; 5 is the column number of [D];

NG i j
pq;mn D gm gn[C]T

mn[T ]T
mn

0
:::

0 ¢ ¢ ¢ 1 ¢ ¢ ¢ 0
:::

0

1
:::

p
:::

5

[T ]mn[C]mn

1 ¢ ¢ ¢ q ¢ ¢ ¢ 5

G i j
pq D

m;n

NG i j
pq ;mn (7)

By constructing an error function

EK D
i; j

wK
i j [ QK i j .Dpq/ ¡ K i j ]

2 (8)

where wK
i j are the weight coef� cients, and by requiring

@EK

@ Dpq
D 2

i; j

wK
i j [ QK i j .Dpq/ ¡ K i j ]

@ QK i j

@ Dpq
D 0

and noting

@ QK i j

@ Dpq
D G i j

pq

(G i j
pq means the i; j -th term of matrix [G pq ]), we can obtain the con-

stitutivematrix term [Dpq ] by solving the following linear equation
set:

p0 ;q 0 i; j

wK
i j G i j

p0q 0 G i j
pq Dp0q 0 D

i; j

wK
i j K i j G

i j
pq

i; j D 1; : : : ; K ; p; q; p0; q 0 D 1; : : : ; 5 (9)

This is an equation set with 25 unknowns. Because i; j D
1; : : : ; N and N D 5K 2 is usually very large (if we use the Leg-
endre polynomials of six terms as the basis functions, N D 180; if
eight terms are used, then N D 320/, the job of generatingthe matrix
in Eq. (9) will be very extensive.

If [D] is assumed to be symmetrical, then Eq. (9) will become

.p 0;q 0/ i; j

wK
i j G i j

p 0q 0 C .1 ¡ ±p0q 0 /G i j
q 0 p0 G i j

pq Dp0q 0

D
i; j

wK
i j K i j G

i j
pq (10)

where (p0; q 0) and (p; q ) have the following 15 instead of 25 com-
binations: (1,1), (1,2), (1,3), (1,4), (1,5), (2,2), (2,3), (2,4), (2,5),
(3,3), (3,4), (3,5), (4,4), (4,5), and (5,5).

Mass Distribution
Let us write [M ] D [Mtotal] D [Mi j ] as the target matrix, and

[ QM ] D
m n

½mngm gn[H ]T
mn[Z ]T

mn [Z]mn[H ]mn

D
m n

½mn[F]mn (11)

as the mass matrix of the continuum model, where m .m D
1; : : : ; K / corresponds to the mth Gauss integration position in the
x direction; n .n D 1; : : : ; K / corresponds to the nth Gauss integra-
tion position in the y direction;½mn is the mass density of the equiv-
alent model at position .m; n/I gm and gn are integration weights;

and [F ]mn D [H ]T
mn[Z ]T

mn[Z ]mn [H ]mn is a N £ N matrix varying
with position (m; n).

By constructing an error function

EM D
i; j

wM
i j [ QMi j .½mn/ ¡ Mi j ]

2 (12)

where wM
i j are weight coef� cients, and by requiring

@EM

@½mn
D 2

i; j

wM
i j [ QMi j .½mn/ ¡ Mi j ]

@ QMi j

@½mn
D 0

and noting

@ QMi j

@½mn
D F i j

mn

.F i j
mn is the i; j th term of matrix Fmn ), we can obtain the mass

distribution ½mn by solving the following linear equation set with
K 2 unknowns:

m 0 ;n 0 i; j

wM
i j F i j

m 0n0 F i j
mn ½m 0n0 D

i; j

wM
i j Mi j F

i j
mn

m; n D 1; : : : ; K ; m 0; n 0 D 1; : : : ; K (13)

In the present study the following weight coef� cients are used:

wK
i j D 10 K Skin

i j max
i; j

K Skin
i j C 1

wM
i j D 10 MSkin

i j max
i; j

MSkin
i j C 1 (14)

The basic idea behind this choice is that we want to form the equiv-
alent matrices more in the way of the skin’s, which is more like a
plate than the other components of the wing.

Several choices about the variation of ½ and [D] have been tried,
but it is found that the present assumptions give the best results in
terms of feasibility and accuracy.For instance, to be consistentwith
the assumption that each term of [D] is a constant throughout the
wingarea,½ canalso be assumeda constant.This certainlydecreases
the accuracy of the method as a result of the loss of � exibility in
varying ½ to simulate the target mass matrix [M], but the resultant
reduction in computationaleffort is small because in the � rst place
forming Eq. (13) and training the ½-related neural networks do not
need much CPU time. In other cases [D] was assumed to be vari-
able in the spanwise direction or throughout the wing area, but it
was found that although the equivalent material is more � exible to
simulate the target stiffnessmatrix [K ] the resultant[ QK ] usually has
a larger abstract error and the solutionof the free vibration problem
usually gives worse natural frequencies. Moreover, the CPU time
needed for generatingEq. (10), which requires the major computa-
tional effort in our method, increases in a factor of about K (number
of Gauss integrationpoints, usually with a value of 6–8) in the case
of [D] being variable in the spanwise direction. In the case of [D]
beingvariable throughoutthe wing area, the increasecan be as large
as K 2 times. As we shall see in the followingexamples, these kinds
of increase in CPU time are formidable.

Examples and Discussion
The NN-aided equivalent plate analysis, or brie� y ESA method,

is compared with the ordinary EPA1 in three cases where four to
six design variables are involved respectively. Design variables for
wing structure can be sizing-type variables (skin thickness, spar or
rib sectionalarea, etc.), shapevariables(the plan surfacedimensions
and ratios), and topologicalvariables(total spar or rib number, wing
topology arrangements etc.). In some of the results, FEA results
employing MSC/NASTRAN are also provided as a benchmark.

Some common parametersof the built-upwing structureswill be
speci� ed herein if not speci� ed otherwise in the followingcases.The
sections were generated by the Karman–Trefftz transformation.13

The section thickness-chord ratio varies from 0.15 at the root
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Fig. 2 Plan con� guration of a trapezoidal wing: A = 1
2 s(a ++ b), =

s2 /A = a/b.

to 0.06 at the tip. Skin thickness t0 D 0:118 in.; spar cap height
h1 D 0:197 in.; spar cap width l1 D 0:373 in.; spar web thick-
ness t1 D 0:058 in. (for de� nition of h1 , etc., see Ref. 1); the
ribs have the same cap dimensions and web thickness as the
spars. Mass density ½ D 2:526 £ 10¡4 lb ¢ s2/in.4 , Young’s modu-
lus E D 1:025 £ 107 lb/in.2, Poisson’s ratio º D 0:3. The wing is
clamped at the root.

Four-Variable Case: Design Space I
In this case, 4 spars and 10 ribs are evenly distributed inside the

wing planformunder the skins. For a trapezoidalwing there are four
major independent shape variables: sweep angle 3, aspect ratio ®,
taper ratio ¿ , and plan area A (Fig.2). A 34 full factorialexperimental
design with three levels in 3; ®; ¿; and A, respectively, was used.
Particulars of the levels of every variable are as follows:

3 D f0; 15; 30 degg; ® D f1:0; 1:75; 2:5g

¿ D f0:3; 0:45; 0:6g; A D f2000; 3500; 5000g in:2

For each point in this design space, the EPA is carried out, then
Eqs. (10) and (13) are used to generate the 15 constitutive matrix
terms and mass densities at 36 (6 £ 6) Gauss sampling points, and
the ESA is performed. For each of these parameters, a feedforward
NN with a structure of 4 £ 15£ 10 £ 1, i.e., 4 inputs, 15 neurons
in the � rst hidden layer, 10 neurons in the second hidden layer,
and 1 output, was trained using the MATLAB® NN Toolbox func-
tion trainlm that trains feedforward network with the Levenberg–

Marquardt algorithm.10 Therefore, there are totally 15 C 36 D 51
networks to be trained.There are 81 (34) sets of trainingdata,which
are nondimensionalizedbefore the training process. Once the net-
works are trained, the input–output relationships can be readily re-
trieved by using the MATLAB® function simuff.

The major computational effort was spent in generating the 81
sets of training data, with about 45 hours of CPU time being spent
on a PII/350 personal computer, whereas less than 1 hour of CPU
time being used in training the neural networks. A set of results
are given in Fig. 3, where 25 points, which mean 25 new designs,
were randomly chosen within the design space box. Upon each new
design both the EPA and the ESA are performed. The planforms of
the new design are shown in Fig. 3a. The � rst 10 natural frequencies
by the EPA and the ESA are compared in Fig. 3b, and their relative
differences (based on the EPA results) are shown in Fig. 3c. It can
be seen that except for a very few cases (3 out of 250), the relative
difference is within ¡10–10%.

Figure 4a shows 16 new designs through a randomly chosen path
inside the design space box, which is de� ned as

v j D v
j
0 .1 ¡ a j / C v

j
1 a j ; j D 1; : : : ; 4

v1 D 3; v2 D ®; v3 D ¿; v4 D A

a j D sn j ; n j D r j =.1 ¡ r j / (15)

where v
j
0 and v

j
1 are the lower and upper bounds of variable v j ,

for instance, v1
0 D 0 deg, v1

1 D 30 deg, etc., s 2 [0; 1] is the range
of a shape variable, and r j . j D 1; : : : ; 4/ are randomly determined

Fig.3a Twenty-� ve randomlychosen wing planformsin design space I.

Fig. 3b Comparison of the � rst 10 frequencies by EPA and ESA.

Fig. 3c Relative errors (( f fESA ¡ fEPA g /fEPA )) in Fig. 3b.

values between 0 and 1. Results of natural frequencies of the � rst
six modes for wing structures de� ned by points along a path with
n1 D 0:945; n2 D 8:200; n3 D 3:203; and n4 D 1:778 are shown in
Fig. 4b, where it can be seen that results by the EPA and the ESA
agree with each other quite well.

Whereas Figs. 3 and 4 are about free vibration frequencies,Fig. 5
shows some static results. For an arbitrary new design whose plan-
form is shown in Fig. 6a, a downward (¡z direction) point force of
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Fig. 4a Sixteen wing planformssystematically varying through design
space I.

Fig. 4b Comparison of the � rst six frequencies by EPA and ESA.

1 lb is applied at the midpoint of the wing tip. (Actually the force is
dividedinto componentsactingon the two spar tips close to the mid-
point.) Figure 5a shows displacementsalong the leadingedge by the
EPA and the ESA, where u; v; w are displacement components in
the chordwise, spanwise, and vertical directions, respectively. Fig-
ures 5b and 5c show the Von Mises stress distributions at the wing
root and the central spanwise line, respectively. It can also be seen
that the EPA and the ESA give very comparable results for the static
case.

Six-Variable Case: Design Space II
In this case spars and ribs are evenly distributed inside the wing

planform, but their numbers are design variables.A 36 full factorial
experimentaldesign with three levels in 3; ®; ¿; A; and numbers of
spars and ribs nspar and nrib, respectively, was used. Particulars of
the levels of every variable are as follows:

3 D f0; 15; 3 degg; ® D f1:0; 1:75; 2:5g

¿ D f0:3; 0:45; 0:6g; A D f2000; 3500; 5000g in:2

nspar D f2; 4; 6g; n rib D f7; 10; 13g

Similar to case I, the 51 feedforward NN representing the
constitutive matrix terms and mass densities with a structure of
6 £ 15 £ 10 £ 1 were trained using the MATLAB® NN Toolbox.
There are 729 (36) sets of data that could be used for training, but
it was found that at some design points the differences between
the natural frequencies by the EPA and the ESA become too large.

Fig. 5a Comparison of displacements by EPA and ESA under 1-lb tip
force.

Fig. 5b Comparison of the Von Mises stress at wing root by EPA and
ESA under 1-lb tip force.

Fig. 5c Comparison of the Von Mises stress alongcentral spanwise line
by EPA and ESA under 1-lb tip force.
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Fig. 6a Arbitrarily chosen wing
planform in design space I and II.

Fig. 6b Comparison of displacements by EPA and ESA under 1-lb tip
force.

Fig. 6c Comparison of the Von Mises stress at wing root by EPA and
ESA under 1-lb tip force.

Therefore, a screening process was introduced, in which any point
where the maximum relative difference between the � rst 10 natu-
ral frequencies by the EPA and the ESA surpasses 20% would be
discarded.This led to the removal of 28 points through the process;
therefore, 701 sets of data were used for training.

Generating the 729 sets of pretraining data used about 152 hours
of CPU time on the Crunch (SGI Origin 2000 with eight R10000
processors) of the College of Engineering,Virginia Tech, and train-
ing the neural networks spent about 2 hours on a PII/350 PC. A set
of results are given in Fig. 7, where 25 points were randomly cho-
sen within the design space box. The planforms of the new designs
are shown in Fig. 7a, where dashed lines indicate the spar or rib
positions. The � rst 10 natural frequencies by the EPA and the ESA

Fig. 6d Comparison of the Von Mises stress along central spanwise
line by EPA and ESA under 1-lb tip force.

Fig. 7a Twenty-� ve randomly chosen wing planforms in design space
II.

Fig. 7b Comparison of the � rst 10 frequencies by EPA and ESA.
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Table 1 Natural frequencies of the wing
in Fig. 6a

Frequency, rad/s
Mode shape
and number EPA ESA FEM

1st bending, 1 279.3 274.5 279.9
2nd bending, 2 982.8 984.1 965.6
1st torsion, 3 1057.5 1045.1 973.5
In plane, 4 1447.4 1440.3 1454.4
2nd torsion, 5 1945.5 1936.3 1830.8

Fig. 7c Relative errors (( f fESA ¡ fEPA g /fEPA )) in Fig. 7b.

are compared in Fig. 7b and their relative differences (based on the
EPA results) are shown in Fig. 7c. It can be seen that the relative
difference is within ¡5–15%.

Figure 8a shows 16 new designs through a randomly chosen path
inside the design space box, which is de� ned as

v j D v
j
0 .1 ¡ a j / C v

j
1 a j ; j D 1; : : : ; 6

v1 D 3; v2 D ®; v3 D ¿; v4 D A; v5 D nspar

v6 D nrib; a j D sn j ; n j D r j=.1 ¡ r j / (16)

where r j . j D 1; : : : ; 6/ are randomly determined values between
0 and 1, and see Eq. (15) for the de� nition of other symbols.
Results of natural frequencies of the � rst six modes for wing
structures de� ned by points along a path with n1 D 0:2243, n2 D
0:8591; n3 D 0:2064; n4 D 3:0700; n5 D 2:2196, and n6 D 0:9440
are shown in Fig. 8b, where it can be seen that results by the EPA
and the ESA agree with each other quite well.

Now some static results. For an arbitrary new design whose plan-
form is shown in Fig. 6a, a downward (¡z direction) point force
of 1 lb is applied at the midpoint of the wing tip. Figure 7b shows
displacement components along the leading edge by the EPA and
the ESA, compared FEA using MSC/NASTRAN. Figures 7c and
7d show the Von Mises stress distributionsat the wing root and the
central spanwise line respectively together with the FEA results.
Comparison of the natural frequencies of this wing as given by the
EPA, the ESA, and the FEA is shown in Table 1. It can be seen that
the EPA and the ESA results are close, and they all agree quite well
with the FEA results.

Design Space III
In this case a wing plan with 3 D 30 deg, s D 192 in., b D 72 in.,

and a D 36 in. (see Fig. 2 for de� nitions of s; b; and a) is used.
A 24 £ 32 full factorial experimental design with two levels in t0t

(skin thickness at wing tip), art (skin-thickness increment ratio at

Fig. 8a Sixteen wing planforms systematically varying through design
space II.

Fig. 8b Comparison of the � rst six frequencies by EPA and ESA.

root over the tip), h1 (spar cap height), and h2 (rib cap height), and
three levels in nspar and nrib, is carried out. The skins are assumed to
vary linearly from the root to the tip. Particulars of design space III
are as follows:

t0t D f1; 3g £ 0:118 in:; art D f0; 2g

h1 D f1; 3g £ 0:197 in:; h2 D f1; 3g £ 0:197 in:

nspar D f2; 4; 6g; n rib D f6; 10; 14g

There are 144 sets of data for training. Generating these data sets
used much less CPU time than in the case of design space II (about
30 hours). A set of results are given in Fig. 9, where 16 points were
randomly chosen within the design space box. The planformsof the
new designs are shown in Fig. 9a, where dashed lines indicate the
spar or rib positions, and the skin thickness at the wing root and
tip, and cap heights of spars and ribs are represented as shown in
Fig. 10a. The � rst 10 natural frequencies by the EPA and the ESA
are compared in Fig. 9b, and their relativedifferences (based on the
EPA results) are shown in Fig. 9c. It can be seen that the relative
difference is within ¡5–15%.

Figure 11a shows 16 new designs through a randomly chosen
path inside the design space box, which is de� ned as

v j D v
j
0 .1 ¡ a j / C v

j
1 a j ; j D 1; : : : ; 6

v1 D t0t ; v2 D art; v3 D h1; v4 D h2; v5 D nspar

v6 D nrib; a j D sn j ; n j D r j =.1 ¡ r j / .17/
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Fig. 9a Sixteen randomly chosen wing designs in design space III.

Fig. 9b Comparison of the � rst 10 frequencies by EPA and ESA.

Fig. 9c Relative errors (( f fESA ¡ fEPA g /fEPA )) in Fig. 9b.

where r j . j D 1; : : : ; 6/ are randomly determined values between 0
and 1, and see Eq. (15) for the de� nition of other symbols. Results
of natural frequencies of the � rst six modes for wing structures
de� ned by points along the path with n1 D 0:0031, n2 D 0:9999,
n3 D 0:2089,n4 D 64:7024,n5 D 0:9067,andn6 D 0:5325are shown
in Fig. 11b, where it can be seen that results by the EPA and the
ESA agree with each other quite well.

For an arbitrarynew design whose planform is shown in Fig. 10a,
a downward (¡z direction) point force of 1 lb is applied at the mid-
point of the wing tip. Figure 10b shows displacement components

Fig. 10a Arbitrarily chosen wing design in design space III.

Fig. 10b Comparison of displacements by EPA and ESA under 1-lb
tip force.

Fig. 10c Comparison of the Von Mises stress at wing root by EPA and
ESA under 1-lb tip force.

alongthe leadingedgeby the EPA and the ESA, comparedwith FEA
using MSC/NASTRAN. Figures 10c and 10d show the Von Mises
stress distributionsat the wing root and the central spanwise line re-
spectively togetherwith the FEA results. Comparisonof the natural
frequenciesof this wing as given by the EPA, the ESA, and the FEA
is shown in Table 2. Again, it can be seen that the EPA and the ESA
results are close, and they all agree quite well with the FEA results.
A coarserdesign space III does not worsen the accuracyof the ESA.
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Fig. 10d Comparison of the Von Mises stress along central spanwise
line by EPA and ESA under 1-lb tip force.

Fig. 11a Sixteen wing designs systematically varying through design
space III.

Fig. 11b Comparison of the � rst six frequencies by EPA and ESA.

Table 2 Natural frequencies of the wing
in Fig. 10a

Frequency, rad/s
Mode shape
and number EPA ESA FEM

1st bending, 1 71.9 70.8 66.0
2nd bending, 2 233.9 239.4 222.6
In plane , 3 358.1 358.4 377.0
1st torsion, 4 452.2 469.4 413.1
3rd bending, 5 479.9 504.8 468.0

The CPU time savings using the ESA were obvious. About 85%
lessCPU time was spent in evaluatingthe stiffnessandmassmatrices
compared with the EPA, where matrix evaluation took about 68%
of the total CPU time when solving the free vibration problem.
Generally speaking, the results given by the ESA in design space II
and III were as good as those in design space I although the number
of variables increased from four to six.

Although the present ESA can be a good choice to be used as
a high-� delity model for early wing stage design, we lack a direct
comparison with some other ef� cient methods that can “smear” the
wing spars and ribs into the skins, such as in the Aeroelastic Tailor-
ing and Structural Optimization (TSO)4 and Equivalent Laminated
Plate Solution (ELAPS).14 This kind of comparisonof methodswith
different approacheswould be very interesting.As to the practiceof
using NN in the present ESA, it provides an ef� cient methodology
of making use of and accumulating former design experiences and
can also be used in any othermethods that have a smearing function.
This, as suggestedby Gunaratnamand Gero,11 is the real usefulness
of neural networks.

Conclusions
An ef� cient method for the analysis of built-up wing structures

using equivalent skin analysis (ESA) has been developed.The CPU
time spent on evaluating the matrices, which takes about 63–68%
of the total CPU time in the EPA applying to solve a free vibration
problem,is about5– 6 times lesswhen theESA is used.Threegroups
of examples with four or six design variables show that fairly good
results can be obtained. This method is very promising to be used
at the early stages of wing design.
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